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& Players: APP 1, APP 2, ..., APP n and ISP
& Resources: R (Control), R,, (Data), R, (APP)
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Non-cooperative Stackelberg Game

@ First the ISP announces a pricing rule for the users.

& Then the users request for resource based on their demand.




Utility Functions

For user i:

Xci Xp i X4i
U; = min {wilog (1 + C’l>,wilog (1 + D’l),wilog (1 + A’l>}
ai b; Ci

—(chc,i + PpXp,i t prA,i)

For the ISP :

Uisp = Yi(Pcxci+ PpXxpi+ Paxai)

Pc,Pp,Pa: per data price  X¢;, Xp i, X4 ;: demand of user i

w;: user types  a; b;, ¢;: user prefernce, wherea; + b; +¢; = 1



Two-stage Stackelberg Game

f

U; = min {wilog (1 + &) ,w;log (1 + be’i) ,w;log (1 + xA’i)}
ai i Ci

—(chc,i + PpXpi+ prA,i)
\ Uisp = Xi(PcXci + PpXpi + PaXay)

Stage 1 - Given p¢, pp, P4, maximize U;

Stage 2 - Given (X3, Xp 5, X4,;) = f(Pc, Pp, Pa), maximize Uysp



Solving Stackelberg Game

Step 1 - Given p¢, Pp, P4, maximize U;

Uy = min {Wilog (1 + xa—cl‘) ,wilog (1 + xl”’i"'

—(chc,i + PpXp,i t PAxA,i)

(1) From the minimal function part, we get

Xp Xiri
C.l> = w;log <1 + ll;.’l
i




Solving Stackelberg Game

Step 1 - Given p¢, Pp, P4, maximize U;

Xci
a;

U; =wi;log (1 +

) o (prC,i + PpXp,i + prA,i)

(2) Now we maximize U;

aUUseri L aUUseri o aUUseri
axc’l‘ axD’i axA’l‘

=0= (xc’i, xD’i, xA,i) et (aikir biki' Ciki)

where k; = il -1
a;pc+ bipp + €cipa




Solving Stackelberg Game

Step 2 - Given (lei,x;‘),i, lei) - f(pC) Pp, pA); maximize UISP

Ugp = Z(chc,i + PpXp,i T prA,i)
i
dU;sp

dpa

oU oU
N dd s < 0Vpe >0, ISP
dpp

< 0Vpp >0,
apc Pp

Capacity Limitation:

W.
Xei+Xpi+ Xai SC@Z( ‘ )SC+N
Z( it Xpi+ Xa) : a;pc + bipp + ¢ipa




Solving Stackelberg Game

Step 2 - Given (lei,x;‘),i, lei) - f(pC) Pp, pA); maximize UISP

maxmize U;gp = z(chc,i + PpXp,i + prA,i)
i

w.
withz ( - ) <C+N
= \@iPc + b;pp + cipa
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Solving Stackelberg Game

Step 2 - Given (lei,x;‘),i, lei) - f(pC) Pp, pA); maximize UISP

Capacity Limitation Plane: an approximated border of feasible region

W.
z ( ‘ ) =C+N
~ \@Pc + b;pp + Ccipa

assuming small variance on a;, b;, c;, we get

= UaPc + HpPp T HcPa =
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Solving Stackelberg Game

Step 2 a leen (xz-,i,xl*),i, lel’) - f(pCi Pp, pA)) maximize UISP
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& Generally, the utility of
ISP increase as the per
data price goes down.

® The maximum revenue
of ISP can be achieved
around the capacity
limitation plane:

Yi(xci +xp; +x4;) = C.
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The limitation plane’s

Solving Stackelberg Game it coni e

of user preference.

User type:

Effect of user preference  [#°%" 9% | Gaussian rv. with
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The border of feasible

Solving Stackelberg Game Rl

user type increase.
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Solving Stackelberg Game

Effect of user type variance |# 9 vsers* 10%
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region becomes rough

when the variance of
user type increase.
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Results

® The optimal combination of (p., pp, p4) that results in the maximum
revenue of the ISP is around Capacity Limitation Plane:
2. Wi
C+N

HaDc + UpPD T+ UcPA =

& Picking any combination of (p¢, pp, p4) on Capacity Limitation Plane results
in an approximately optimal utility of the ISP.

& If we want to simplify the pricing rule, we can simply choose

L w;
3u(C+ N)

Pc =Pp =Pa—=
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Appendix

Lemma

Given a random variable X with mean pu, and variance ag,,
2

E[( ] L u, Y >2:>E1 1+Gx
X — n —| ~
Hx Hx X| " w " 2u2
Proof:
X =y 2
g(X)=g(.ux+X_.ux)=g(ﬂx)+(X_.ux)g’(.ux)+( 2'!u ) ’( x)+
(X_.ux)z

E[g(0] = E[g(u)] + E[(X — )9 (1)) + E g’(ux)] N

2!
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Appendix

Proof: (continued)

Elg(X)] = Elg(u)] + EI(X — uy)g' (uy)] + E [

0]
= g(uy) + 0+ _x.g”(/lx) +

2

2
2

2

(X~ ﬂx)z
2!

9 ) ™

E[(x T .ux)n]
n!
E[Cx — p)"]

o
e+ 0+—-g" (o) + ————— 9" D ()

1 E[(x — )"

-
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Appendix

In our model, consider a;, b;, c; as random variables A, B ,C, respectively.
Letx; = a;pc + b;pp + c;p4, then

Ux = UaPc T UpPp T UcPas Ox = 0gPc t OpPp t 0cPa
Ifvn>2E[(x;— u)"] < u,", then we have

: [ 1 ] 1 ¥ (Gapc + TpPp + 0cP4)*
a;pc + bipp + cipa

UaPc + UpPp + UcPa  2(UagDc + UpPD + UeDa)?

z < 114} ) 2 Wi . (apc + OpPp + 0cPa)*

— W.
a;pc + bipp + cipa UaDc + UpPp + UcPa  2(UaPc + UpPD + UcPa)? :

approximation used in deriving limitation plane approximation error
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